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Abstract

In this paper we introduce a novel concept: Quantile Factor Models (QFM), where a
few unobserved common factors may affect all parts of the distributions of many observed
variables in a panel dataset of dimension N x T. When the factors affecting the quantiles
also affect the means of the observed variables, a simple two-step procedure is proposed
to estimate the common factors and the quantile factor loadings. Conditions on N and
T ensuring uniform consistency and weak convergence of the entire quantile factor loadings
processes differ from standard conditions in factor-augmented regressions with smooth object
functions. Based on these results, we show how to make inference on the quantile factor
loadings in a location-scale shift factor model. When factors affecting the quantiles differ
from those affecting the means of the observed variables, we propose an iterative procedure
to estimate both factors and factor loadings at a given quantile. Simulation results confirm a
satisfactory performance of our estimators in small to moderate sample sizes. In particular, it
is shown that the iterative procedure can consistently estimate common factors that cannot
be captured by PC estimators. Empirical applications of our methods to several datasets of
financial returns are considered.
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1 Introduction

The last decades have seen a rapid progress in the theory of large dimensional factor mod-
els, which are now broadly applied in finance and macroeconomic forecasting and modeling;
see Bai and Ng (2008b) and Stock and Watson (2011) for reviews of recent developments. The
primary advantage of these models is that they provide a parsimonious and flexible way of char-
acterizing the co-movement of many observed variables through a small number of unobserved
factors. A well-known example due to Chamberlain and Rothschild (1983) is the classical char-
acterization of the capital asset pricing model (CAPM) in terms of an approximate factor model
(AFM) for financial asset returns, when the number of assets is very large. In AFM, a panel
X of N variables each with T observations can be represented as X;; = )\;Ft + e;r,where \;
and F; are (rx1) vectors of factor loadings and common factors, respectively, with r << N,
and e;; are zero-mean weakly dependent idiyosincratic disturbances which are uncorrelated with
the factors. Thus, according to this standard formulation, AFM can be interpreted as a linear
conditional mean model of X;; given Fy, that is, E(X; | F}) = )\;Ft. In line with the use of
quantile regressions (QR hereafter) as a flexible generalization of conditional mean regression
models, our goal in this paper is to introduce quantile variation in factor modelling through
a novel concept in this setup: quantile factor models (QFMs hereafter), as well as to analyze

estimation and inference of such models.

The main feature of QFMs is that, conditional on F}, the quantiles of these observed variables
are linear in F;. The coefficients in these linear functions for the 7th quantile (where 0 < 7 < 1),
denoted as the quantile factor loadings (QFL hereafter ) at 7, such that Qx,,[7 | Fi] = \i(7)F,
are allowed to be different for all variables. In this fashion, they become analogues to factor
loadings in standard factor models. Moreover, for each individual variable, the loadings can
be different at different quantiles of its distribution over time, allowing the common factors to
exhibit heterogeneous effects on different parts of the conditional distributions of the observed
variables. The QFL at different quantiles \;(7), labeled as QFL processes, can be viewed as

functions of 7, and they constitute our main object of interest in the rest of the paper.

To estimate the common factors and the QFL processes, we initially propose a simple two-
step procedure which is easily implementable in practice. In the first step, the common factors
F; are estimated using principal components analysis (PCA hereafter); in the second step, the
QFL at various 78, are estimated using QR for each time series, where the unobserved factors
are replaced by their estimates in the first step. Uniform consistency and weak convergence of
the estimated QFL processes are established under general assumptions. In particular, we show
that, among other conditions, if 7°/4 /N — 0 as N,T — oo jointly, the distributional effects of

estimating the common factors can be asymptotically ignored in the second step.

The asymptotic distributions of the entire QFL process can be used to test hypotheses of



very general forms.For example, one can consider testing whether the \;(7) loadings are equal to
a pre-specified value for a given 7 or for all 7’s, and even more generally whether the loadings lack
quantile variation and therefore should be considered as constant.! In particular, we illustrate
how to use these results to make inference in panel data generated by a location-scale shift factor

model

While the two-step procedure provides a straightforward and intuitive approach for estima-
tion and inference in a large class of QFMSs (i.e, when factors only affect location or the same
factors affect both location and shift), it is found to fail when there are factors that affect the
quantiles but do not affect the means of the observed variables. To address this problem, an
iterative procedure based on minimization of the standard check function in QR is proposed to
estimate both the common factors and the factor loadings at a given quantile, F(7) and \;(7),
respectively. The consistency of the such estimators is proven for a smoothed version of the
iterative procedure. In our illustrative setup of a location-scale shift model, we show that a
comparison based on the R?’s of simple regressions of the quantile invariant factors obtained
by PCA in the two-step procedure, Fy, on a subset of the most relevant quantile-varying factors
obtained from the iterative procedure, F}(7) often provides a useful check on whether the factors

affecting the location and scale of the model are identical or different.

Our contribution is twofold. First, as pointed out before, our paper is related to a bur-
geoning literature on QRs which is summarized by Koenker (2005). In particular, there is a
growing number of studies on the intersection of QRs and panel data models; cf. Koenker (2004),
Abrevaya and Dahl (2008), Graham et al. (2009), Lamarche (2010), Canay (2011), Rosen (2012),
Kato et al. (2012) and Harding and Lamarche (2014), among others. Our setup differs from all
these quantile panel data models in that our regressors (the common factors) are not observ-
able. In this respect, some of our results on how to carry out inference on QFL are inspired by
Xiao and Koenker (2009) s analysis of how to implement QR with generated regressors, albeit

in a different setting to ours.

Second, we also add to the rapidly growing literature on factor models. To the best of
our knowledge, this is the first paper to propose the concept of QFM. Admittedly, there are
other studies which also combine QR and factor models like, e.g., Ando and Tsay (2011) who
analyze a factor-augmented QR where the factors are estimated by PCA from a standard factor
model. Their approach can be viewed as an extension of factor-augmented regressions (see
Bai and Ng 2006) and factor-augmented extremum estimators (see Bai and Ng 2008a) to factor-
augmented QRs. Although our model is obviously different from the settings of all these papers
in that they do not address to issue of how to estimate QFL processes, our results are related

to the factor-augmented QRs since, in the second step of our two-step estimation procedure,

In the latter case, since the null hypotheses involves unknown parameters that need to be estimated (the
unknown constant value), we follow Koenker and Xiao (2002) in using the Khmaladez martingale transformation
to solve the so-called Durbin’s problem.



the true factors are also replaced by the estimated factors. This has relevant consequences
in relation to the standard conditions in the literature on the relative asymptotic behaviour
of N and T for the estimated factors to be treated as known when the optimizing criteria
are smooth object functions like, e.g., minimization of sums of squared residuals. In effect,
while these conditions are T/2 /N — 0 for linear factor-augmented regressions (see Bai and Ng,
2006) and T%8/N — 0 for non-linear factor-augmented regressions (Bai and Ng (2008a)),lack
of smoothness in our criterion function requires the stronger condition T%*/N — 0 for the

estimated factors to be treated as known.

Several empirical applications of there aforementioned methods are provided using large
panels of stock and mutual fund returns as well as the portfolios used by Fama and French
"(1993; FF hereafter)) in their classical paper on common risk factors. Our results indicate that
in the case of mutual funds and FF portfolios a pure location shift or a location-scale model
sharing the same common factors seem to be compatible with the data generating processes
of these financial variables. In contrast, we identify some relevant subsets of the stock returns
where loading and factors seem to exhibit substantial quantile variation which originates from

different factors affection mean and variance.

The rest of the paper is organized as follows: In Section 2, the QFMs are defined, several
examples are given, and the two-step estimator is proposed. Section 3 present the main asymp-
totic results for the estimated QFL processes. Section 4 proposes an iterative procedure when
the two-step procedure fails. Section 5 contains some simulation results, and Section 6 considers
several empirical applications of our methods to financial data where we show how to make in-
ference for the entire QFL process based on the asymptotic distributions established in Section
2. Finally, Second 7 concludes and suggests several avenues for future research. Proofs of the

main results are collected in an Appendix.

2 Model and Estimators

2.1 Quantile Factor Models
Suppose there is a panel of observable random variables {X;;} generated by
Xit = Ni(Uit) Fy, where U L F, and Uy ~ U|0,1] (1)

fori=1,...,N and t = 1,...,7. The common factors F; is a r x 1 vector of unobservable
random variables, with F; € F C R" for all t. Let 7 denote a closed subinterval of (0,1), and
suppose that A\;(7) € A C R” for all i and 7 € T. If we further assume the mapping 7 +— X(7) f
to be strictly incresing for all ¢ and any f € F, then \,(7)F; is the 7th quantile of X;; conditional



on F} since:
P[Xi < XNy(7)F|Fy] = PN (Uir) Fy < N(T)Fy|Fy] = P[Uyy < 7] = 7.
In other words, model (1) implies
Qx, [T|F] = N,(1)F; for all 7 € T. (2)

Therefore, conditional on F}, the quantiles of X;; have a factor model structure. As a result,
we label (1) as a QFM, while A(7) = (A (7),...,An(7)) are denoted as QFL at 7. At first
look, it looks like representations (1) and (2) are equivalent, but Example 3 (to be shown below)

provides a counterexample showing that (1) is in fact more restrictive than (2).

Similar representation for conditional quantiles can be found in Chernozhukov and Hansen
(2006, 2008), Canay (2011), and many other papers. It also has an interesting random coefficient
interpretation (see Koenker 2005) as we can interpret Ait = Xi(Uit) as random coefficients.
Moreover, since the dependence between the elements of F} is left unrestricted, the factors can
include different transformations of the same variable, and thus model (1) can approximate
nonlinear conditional quantile functions arbitrarily well by increasing the number of factors. In

this sense, the linearity of the quantile factor model (1) is not as restrictive as it might look.

2.2 Examples

In this section we provide a few examples of QFMs stemming from different specifications of
location-scale shift models. To simplify the exposition, it is assumed that there is only one
factor affecting the mean, f;. As regards the scale, it is assumed that either: (i) there is no
factor structure in the scale (homoskedasticity), or (ii) the same factor that affects location also

affects the scale, fy, or a different factor, g, # f; affects the scale, (heteroskedasticity).

Example 1. Location shift model. X;; = «; f; + €1, where {€;;} are i.i.d errors with cumula-
tive distribution function (CDF) F.. This is a standard factor model and it can be equivalently
written as Xy = oifs + Qc(Uy), where Qc(7) = FZY(1) = inf{c : Fc(e) < 7} is assumed
to be uniquely defined for each 7 € (0,1), and {Uy} are i.i.d and uniformly distributed over
[0,1]. Thus, this model is can be expressed as model (1) by defining N\;(Uit) = [Qc(Usit), ci]’ and
F=1[1,f].

Example 2. Location-scale shift model (same sign-restricted factor). X;; = o, fi+ fiei,

where f; > 0 for all t and {e;} are defined as in Example 1. The model can be written as in (1)
by defining \i(Ui) = Qc(Uit) + o and Fy = f;.

Example 3. Location-scale shift model (sign-unrestricted factor). X = «;f; + fiei,

where {€;1} are defined as in Example 1 and the sign of f; is unrestricted. As in Example 2,



this model can be written as X = (Qc(Uit) + ;) fr. When fi > 0, the conditional Tth quantile
of Xyt given fr is (Qe(T) + ;) fi; when fy < 0, the conditional Tth quantile of Xy given fy is
(Qe(1—7)+ ) fi. Therefore, this model cannot be nested by model (1) since the quantile factor
loadings depend on the signs of the factors.

Example 4. Location-scale shift model (different factors). X;; = «;fi + gi€ir, where
{€it} are defined as in Example 1 and g, > 0. In this case, X;; has an equivalent representation
in form of (1) with A\j(Ui) = i, Qe(Uit)]" and Fy = [f1, gt]'-

Example 5. Nonlinear factor model. The model X;; = N\; - fr - €t where \; > 0, fy > 0,
can be written as a special case of model (1) with Fy = fi and A\j(Uy) = A; - eQWit) - Note that
taking logarithm on both sides we get log X;; = log \; 4+ log fi + €, that is, a linear factor model
for log X;; where the new factor g = log f; can be easily estimated. However, it is not possible

to estimate the original factors and factor loading processes from this transformed linear model.

The five examples above represent some but not all of the possible instances where an AFM
(as defined in Chamberlain and Rothschild 1983) implies a QFM, but their role is to highlight
some important points in our specification of QFMs. First, it is crucial that the mapping
7 — N(7)f is monotone for all possible values of F; in F. In a simple linear model like (1),
this may require the domain of F; to be restricted, such as in Example 2. Second, the factors
and the number of factors in the QFM may be different from those in the AFM. For instance,
in Example 4, if E(e;;) = 0 and f; # g4, then there is only one factor in the approximate factor
model: f;, but there would be two factors in the QFM: f; and ¢g;. The implication of such
differences for the estimation of the quantile factor loadings will be discussed in detail in the

next section.

Example 3 poses an interesting issue since it illustrates that representation (2) is more general

than model (1). To see this, note that in this example we have
Qx, [71fe] = (Qe(7) + i) fi - L{fr = 0} + (Qe(L — 7) + i) fe - L{ i < 0}, (3)
which is a special case of (2) by setting
Xi(7) = [Qe(T) + 1, Qe(1 — 7) + ai] and Fy = [f¢ - 1{f¢ > O}, fi - 1{fs < 0}]".

Moreover, it is easy to see that for any uniformly distributed random variables Uy ;; and Us 4,
the model

Xit = (Qe(Urit) + i) fr - 1{fr > 0} + (Qc(Uit) + i) fr - 1{fr <0}, (4)

yields conditional quantiles of form (3). Example 3 is a special case of model (4) with Uy ;; =

Usit = Uy. Therefore, in this example, the conditional quantiles have the form of (2), but



it is impossible to write them in the form of model (1) since the mapping 7 + \,(7)f is not
monotone. Interestingly, by choosing U; i = Uy and Uz = 1 — Uy in model (4) we get a
strictly increasing mapping and the model becomes a special case of model (1). In particular,
when the distribution of Uj; is symmetric around 0, it is easy to see that the model reduces to

Xit = o ft + | ft|eir, a special case of Example 4.

2.3 A Two-step Estimator
Note that we can also write model (1) as:
Xit = N(T)Fy + [Ni(Uie) — Xi(7)] By = Ni(7) Fy + v, (5)

where vy = [N\;(Uir) — \i(7)]'F; and Plvy < 0|F;] = 7. The main objects of interest are the
common factors and the QFL process at all 7 € 7. If I} were to be observed, using standard
QR of Xj; on F; leads to consistent and asymptotically normally distributed estimators of A;(7)
for each i and 7 € 7. However, since F; are not observable, a feasible procedure is to estimate
the factors first, and then run QR of X;; on the estimated factors, F}.

Define A\; = E[A;(U;t)], then model (1) can also be rewritten as:
Xit = NFy + Ni(Uir) — N Fy = NFy + eqt, (6)

where e;; = [\ (Uir) — \i|'Fy, and Elej¢|Fy] = 0. Thus, if \;, F; and e;; satisfy some assumptions
(see Assumption 1 below), (6) can be viewed as an AFM, and the factors can be consistently
estimated by PCA as in Stock and Watson (2002) and Bai (2003).

Remark 1: It is important to notice that, relative to a standard AFM (like in Example 1
above), we impose stronger assumptions: U;; needs to be uniformly distributed, orthogonal to
F; and, more importantly, they are assumed to be i.i.d. across ¢ and t. Thus, this is equivalent
to assuming that €; in Example 1 is i.i.d. across ¢ and ¢, which is a stronger requirement
than Bai and Ng’s (2002) assumptions allowing the idiyosincratic error terms in AFM to be
weakly correlated across both dimensions. Likewise, representation (6) implies the following
characterization of the var-cov matrix of Xj: E(XtXé) = AXpAN + 3., where X, is a diagonal
matrix.

The above representation leads us to the following two-step estimation procedure for the

common factors and the QFL at various 7s:

1. First, obtain the estimated factors F. For example, following Bai (2003), one can use
PCA where F = (F,...,Fr) are the r eigenvectors (multiplied by v/T) of XX’ associated

2As will be discussed in Section 4 below, this two-step procedure turns out to fail if the data are generated
by the type of location and scale-shift models illustrated in Example 4 above.



with the r largest eigenvalues, where X = {X;;}' is a T' x N matrix collecting all the observable

variables.

2. Fori=1,...,N and each 7 € T, the QR estimator 5\,(7') is then defined as:

T

Ai(r) = argmin T~ )~ p(Xi — N ) (7)
AeA —1

where p,(u) = u(T—1{u < 0}) is the so-called check function which provides the basic optimizing

criterion in QR.

Both steps of this estimation procedure can be easily implemented in standard econometric
packages, therefore becoming a very convenient tool for the practitioners. Furthermore, an
observation of independent interest is that, when the errors e; in model (6) have symmetric
distributions around zero, our second step at 7 = 0.5 can be viewed as a median regression for
estimating the factor loadings in an AFM while the estimated factor loadings in Bai (2003) are
obtained by OLS regressions of X;; on F.

As is well known, a generic problem of factor analysis is the indeterminacy of the factors
and factor loadings up to to a rotation, which also pertains to the QFMs defined above. In
effect, notice that for any invertible r x r matrix A, model (1) is observationally equivalent to
(N(Ui) A=) (AF). Therefore, the factors and the quantile factor loadings can only be identified
up to a rotation, unless r? restrictions are imposed to pin down a unique rotation matrix. The
PCA estimators defined above implicitly adopt the normalization that 7! Zle FEF =1,
and N1 Zf\il AiA; is orthogonal, which is equivalent to a specific choice of A. Bai and Ng
(2013) consider these restrictions (labeled as PC1) as well as other alternative normalizations
that uniquely determine the rotation matrix. For example, their restrictions PC2 assumes that
7! Zthl F,F/ =1, and [A1,...,\.] is a lower triangular matrix, while restriction PC3 assumes
[A1,...,A] = I.. All these sets of restrictions imply different rotation matrices, but one has to
resort to specific economic theories to determine which one is more appropriate. In this paper
we do not consider explicitly the problem of imposing identification restrictions. Therefore, our
main results in the next section are stated for a (possibly random) rotation of A;(7). Yet,for
illustrative purposes we will choose PC1 in deriving the asymptotic properties of the estimated
QFL processes in the two-step procedure, though it is rather straightforward to extend our

results to estimators under the other two identification restrictions.



3 Asymptotic Results

3.1 Consistency

To establish the uniform consistency of the estimated QFL, we impose the following assumptions
foreachi=1,...,N:

Assumption 1. Suppose that the observed data {X;} are generated by model (1) and
(i) The sequence {F;} is strictly stationary and m-dependent with E||Fy|/*
E(F F) > 0.

(i) The random variables {Uy} are uniformly distributed over [0,1] and independent across i

< 00, and Xp =

and t, and Uy is independent of Fy for all i,t.

(iii) There is a compact set A C R" such that N\i(7) € A for all i and T € T, and there is a
Sa > 0 such that [N=2 SN NN = Sa] = 0 as N — oc.

(iv) The eigenvalues of XpXp are distinct.

(v) The conditional density fx(z|Fy = f) exists, and is bounded and uniformly continuous in
x for all f € F; J(\i(7)) = Elfx (\i(7)' Fy|Fy)FyF]] is positive definite for all T.

Define Hyr = (NA/N)(F'F/T)Vyg, where A" = [\i,...,\y], F' = [F,...,Fr], F' =
[F Ty - ,FT], and Viyr is a r x7 diagonal matrix with the eigenvalues of (NT)~! X X’ in decreasing
order. Further, define Hy = Ellx/ 2yy -y 2 where V is a diagonal matrix with the eigenvalues
of 211\/ ’y FE}\/ % in decreasing order, and T is a matrix of corresponding eigenvectors. It can be

shown that:

Theorem 1 (Uniform Consistency). Under Assumption 1, sup, || Ai(7) — HyrXi(7)|| = op(1)
and sup, <7 | Ai(7) — Hy 'Xi(7)|| = 0p(1) for alli=1,...,N.

Remark 2: The proof of Theorem 1 consists of two steps. In the first step, it is shown that
71 z;[:l pr (X — )\’E) converges to E[p;(X; — H\F})] uniformly in 7 and A. In the second
step, given that H,')\;(7) is the unique minimizer of E[p,(X;; — H,F;)] by Assumption 1(v)
and that \;(7) is defined as the minimizer of 71 Zthl pr(Xi — NE}), the uniform consistency
of A\i(r) for Hy'\i(7) follows from Lemma B.1 of Chernozhukov and Hansen (2006), which is a
generalization of the consistency of M-estimators to estimated processes. A key result to show the
uniform convergence of 7! Zthl pr (X — N Ft) to E[p,(Xs — HF})] and also to prove Theorem
2 below is the following consistency result for the estimated factors: 7= S || Fy — Hiyp Fy||2 =
op(1). This result becomes a direct consequence of Theorem 1 in Bai and Ng (2002) if one
can show that the factors, factor loadings A; and the error terms e;; in Model (6) all satisfy

Assumptions A to D in their paper. However, in our setting, the error terms e;; = (\;(Uir) — ;) Fy



do not satisfy Assumption C.5 of Bai and Ng (2002), which requires

4

E < oo for all ¢, s. (8)

N
N2 leqeis — Eleness)]
i=1

To see this, consider the simple case where r = 1. Define u;; = \;(U;;) — A; so that in our model

eir = u;3Fy. When t = s, we have

2 N

=N"1 Z g: (E[ezzte?t] - E[e?t]E[e?t])’
j=1

1=1

E

N
N2 leqeis — Eleess)]
i=1

Since in our setup, E[e?te?t] - E[e?t]E[e?t] = E[uft]E[uit] (E[FY] — (E[F?])?) # O for any i, j, unless
F? is a constant, the previous expression can not be bounded, and thus Assumption C5 of
Bai and Ng (2002) is violated. As shown in the Appendix, by imposing the stronger condition
E| Fi||* < oo?, we are able to prove that Theorem 1 of Bai and Ng (2002) still holds even when

their Assumption C.5 is not satisfied in our model. |

3.2 Weak Convergence

To establish the limiting distribution of the estimated quantile factor loading processes, we

impose the following additional assumptions:

Assumption 2. (i) E||Fi||® < oo; (ii) T?/*/N — 0 as N,T — oo; (iii) For each i < N, the
eigenvalues of Jp,(Ni(7)) = H{J (Ni(T))Ho are bounded below by a constant p* > 0 uniformly in

T.

Define ¢, (u) = 1{u < 0} — 7, and let B, be a vector of r independent standard Brownian
Bridges, then:

Theorem 2 (Weak Convergence). Under Assumptions 1 and 2, it holds that, for each i,
Tre(Ni(-) - VTIN() = HypAi()] = =Vir(-) + op(1) in £(T),
where Vip(-) = T~V2 T o (X, — Ni(1) Fy)H)F; converges weakly to B,(-) in £°(T).

Remark 3: Bai and Ng (2008a) show that, for extremum estimators with twice continuously
differentiable object functions, the estimated factors can be treated as known when they are
regressors, if (among other conditions) 7%/8/N — 0. In contrast, the estimation-effects-free

property of our estimators requires a much larger N compared to T, i.e., T 5/ 4/N — 0. This

3 Assumption A of Bai and Ng (2002) does require E||F}||* < oo, which is only needed to prove Theorem 2 in
their paper. To prove their Theorem 1, E||F}||*> < oo is sufficient.

10



difference is mainly due to the fact that our object function is not smooth, and thus a necessary

condition for the estimated factors to have no distributional effects is
T- Fy — Hy Fy|| = op(1).
VT max | — HypFil| = op(1) 9)

While in Bai and Ng (2008a), due to the smoothness of their object function, it is enough to
have

(0p(1) + Op(VT/VN)) - max |F; — HypFi|l = op(1),

we establish in the Appendix the following uniform convergence rate for the estimated factors

max ||, — HypFy| = Op(T7/%) + Op(T'* V), (10)
illustrating that the required condition 7%/ /N — 0 is therefore a direct consequence of (9) and
(10). [

Remark 4: Suppose that 7 = [¢, 1 —¢] for some € > 0. For small values of ¢, Theorem 2 may
not provide a good approximation for the finite sample distributions of the estimators. Usually,
the Gaussian approximation performance well for € > 30/T (e.g., when T' = 200, ¢ > 0.15)
while for more extreme quantiles the small sample distributions are better approximated by the

asymptotic distributions of extremal conditional quantiles (see Chernozhukov 2005). n

The aforementioned asymptotic theory involves a random rotation of the original QFL. As
discussed in the end of Section 2.1, this random rotation matrix H;,Clp depends on the factor
and factor loadings in (6). As a result, it is not possible to make any inference about the
individual elements of the QFL loadings unless some identification restrictions are imposed.
Suppose we consider the following widely adopted (also called restriction PC1 in Bai and Ng

2013) restrictions in factor analysis:
T N
7! Z FyF/ =1, and N~* Z i\, is diagonal, (11)
t=1 i=1
then the representation in Theorem 2 still holds if we replace H;,%p by I,. Formally, we have:

Corollary 1. Under Assumptions 1 and 2 , the following representation holds for each i if the

restrictions in (11) are satisfied for large N and T':

T
ToN() - VTN () = MO = T2y 7 or(Xe = Ni() B HoFy + op(1) in €(T). (12)
t=1

The result above follows directly from Theorem 2 by noting that, as proven in Bai and Ng
(2013), Hyy- — I = Op(min[N, T]~1) under restrictions (11).

11



Theorem 2 also allows us to construct confidence band and make inference for the entire
QFL process if uniform (in 7) consistent estimators of Jg,(\;(7)) are available. Following

Powell (1986) the following estimator is considered:

A

T
TOir) = g S { 11X = AirV Bl < b} BE, (13)
t=1

where the following additional assumption is also adopted:

Assumption 3. The bandwidth parameter hy satisfies: hp — 0 and hy - TY? — oo and
[Hnt — Holl/hr = op(1).

Then, the following result shows that weak convergence still holds when Jx, (A;(7)) is replaced
by its estimate.

Theorem 3. Under Assumptions 1 to 3, it holds that sup,cr Hj(;\Z(T)) — Ju, (Mi(7))|| = op(1),

A A

and thus for each i < N, J(\i(-)) - VTNi(-) — HybXi ()] = Bo() in £2°(T).

By Theorem 3, we can construct confidence bands for H]QCIF)\Z(T) For example, when r = 1,
the o level confidence band is A (1) & T7V2J(Ai(1))1Cy, where C, is the ath quantile of
sup,e7 |B(7)|. Theorem 3 also implies that for each i < N and each 7 € T,

A

(L= P72 - J(u(m) - VIT(T) — HyhA(7)] = N (0, L,).

3.3 Discussions
3.3.1 Misspecification

Note that Assumption 1(iii) excludes the models considered in Examples 1 and 4, since in both
instances we have A, = Ela;, Qc(Uit)] = [a4,0], so ¥z has reduced rank. As discussed earlier,
while there is only one factor f; in the AFM, there will be two factors in the QFM (F; = [1, f¢]’
in Example 1, and F; = [f;, ;] in Example 4). Therefore, while in the first step we can only
consistently (up to a scale) estimate f;, in the second step the QR of X;; on ft will fail to

consistently estimate the QFL due to omitted regressors.

While the general effects of omitted regressors in QR have been discussed in Angrist et al.
(2006a), in this paper we focus on analyzing how to estimate the QFL if the estimated factors
in the first step are only consistent for a subspace of the factors in the QFM. To do so, consider

the following general location-scale model

Xt = NoFy + g (Fy)ei,
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where the first element of F; is 1, g;(-) is a (possibly nonlinear) function such that ¢;(F;) > 0
with probability 1, and the disturbance terms {e;} are defined as in the list of examples. If
the functions g;(-) are assumed to be known, our method should still work if the regressors in
the second step are set as F; and gi(Ft). Yet, when g¢;(-) are unknown, our two-step method

generally does not work.

For example, when g;(+) is known to be a unknown linear combination of the factors, we have
Xit = N Fy + (7 Fy)ei,

where v/ F; > 0 with probability 1. The omitted variable problem arises if there is a k < r such
that: A\;r = 0 but ~; # 0 for all ¢, because in this case the kth factor appears in the QFM but
not in the AFM. Note that our method still works if, for some k: ;. # 0 but v;, = 0 for all 4,
because in this case the kth factor appears in the AFM but not in the QFM.

Example 1 illustrates the case where the omitted regressor happens to be a time-invariant
factor. In general, when the only omitted regressor is the constant factor, we can use [1, 13}’ | as
regressors in the second step and, as will be shown in Section 6, the derivation of the limiting
distribution of the estimated QFL processes follows along the same lines as Theorem 2. In
particular, in Section 6 we show show to test the hypothesis that the factors only have location-

shift effect, i.e., the QFL processes are constant functions of 7.

3.3.2 Cross-sectional quantiles

In a working paper version of Gouriéroux and Jasiak (2008) (GJ hereafter), the authors discuss
the concept of QFM but , focusing on the cross-sectional quantiles of the observed variables. To

compare our models with theirs, consider the following model:

Xit = aift + ge€it-
Instead of treating «; as fixed parameters, GJ assume that «; are i.i.d random variables with

()= ((5)-(F )

and treat f; and g; as fixed parameters (i.e., everything is conditional on them). As a result,

X, are i.i.d across N for each ¢, and

P[Xis < 2] = Plaifi + gréir < 7] =<I><l‘——ﬂaft>,

Vol i +olg
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where ®(-) is the c.d.f. of a standarized normal distribution. Thus, we can define the cross-

sectional quantile of X;; at time ¢ as follows:

Qx, (1) = @ )\ 02 f2 + 0297 + pafrs

while, for more general setups, GJ assume that

Qx, (1) = B(7)' G (14)
for some unknown factors G;. In the our specific example, 3(7) = [®7}(7), ua) and G; =
Vo2 f? +okaf, fil.

By treating «a; as i.i.d and f; and g¢; as fixed parameters, Xi¢,..., Xn; are i.i.d for each t,

so that it is possible to consistently estimate @ x, (7). Furthermore, given a consistent estimator
Q x,(7), it is easy to get a consistent estimator G for the space of Gy, using equation (14).two-

step

However, compared to ours, their approach has two main limitations. On the one hand, it
is impossible to consistently estimate the space of [gq, fi], which is the true object of interest.
This is so because the factors G, = [\/m, ft] for the cross-sectional quantiles do not
span the linear space of [g¢, fi]. Thus, even if G; could be consistently estimated, the space of
[g¢, ft] cannot. Notice that this is the case under the aforementioned very strong distributional
assumptions, and the relationship between Gy and [g¢, f;] could even be more complicated under
alternative distributional assumptions. On the other hand, it is impossible to estimate the

loadings «;, or the quantile factors loadings defined as in our paper: [a;, Qc(T)].

4 Extensions

4.1 A Solution When the Two-Step Approach Fails

The two-step approach relies on the assumption that a QFM can be transformed into an AFM,
from which the factors can be extracted as the PC estimators. One key restriction is Assumption
1(iii), which requires that the factors shifting the quantiles of X should also shift the means of
X. In Example 4, X;; = a;ft + gi€ir, but \; = E[N(Uir)] = [0, E[Qc(Uir)]] = [y, 0]’; thus
Assumption 1(iii) is violated. As a result, the factor g;, which shifts the quantiles but not
the means of X, can not be recovered from the first step PC estimators. In general, a major
limitation of our two-step approach is that the first step cannot consistently estimate the factors

that only shift the quantiles but not the means.

However, note that if we further assume that in Example 4 either g; is a function of f; or

g¢ is independent of f; and €;;, and that the median of €; is 0, we have for each 7 € (0,1) and
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T # 0.5,
QXit (T|F;f) = o fr + QE(T)gt

where Fy = [ft,9¢]', and the loadings \;(7) = [a;, Q(7)] satisfy Assumption 1(iii) if «; have
enough cross-sectional variations. Even though in the AFM form of the model, the factor g,
plays no special role, since it does not shift the means of X, the above expression implies that
the quantiles of X across individuals at each 7 are informative about the factor g;. Now consider

the following general step up for a given 7 € (0, 1):
Xit = Xi(7) Fy (1) + Uy, (15)

where the errors U;; satisfy
P[Uzt S OlFt(T)] =T,

and \;(7) and F;(7) are r(7) x 1 vector of factor loadings and factors at quantile 7. As in model
(1), we allow the factor loadings to be different not only across ¢ but also across 7, but the main
difference now is that in model (15) the factors and the number of factors are also allowed to
differ across 7. This new setup includes Example 4 since, when 7 # 0.5, we have r(7) = 2 and
Fy(1) = [ft,9:) and, when 7 = 0.5, we have r(7) = 1 and F;(7) = f;. Notice that in the two-step
approach, the first step focuses on the case 7 = 0.5 (since the mean and the median of €;; are
both 0), where the factor g; is treated as part of the idiosyncratic errors. In order to recover the
factor g;, we need to consider the quantiles of X at other 7s, and go beyond the AFM and the

standard PC estimators for the factors.

Just as the standard QR replaces the least-square object function by the check function,
we consider the following object function where the check function replaces the least-square

objection function of the PCA estimators:

N T
S(F7A77—) = ZZpT(XZt - A;B)

i=1 t=1

The estimated factors F/(7, k) = [Fy(7, k), ..., Fp(r, k)]’ and estimated factor loadings A(r, k) =
[Ai(, k), ..., Ax(7, k)] at quantile T are defined as

[F(r,k),A(T,k)] =  argmin  S(F,A,7), (16)

FeRTxk AcRN Xk
where k is a predetermined positive integer. Unlike the PCA estimators, the optimal factors
for problem (16) with given loadings do not have a closed form expression. The analysis of
the asymptotic properties of F(T, k) and A(T, k) is particularly challenging even when the true
number of factors r(7) is known, mainly due to the non-smoothness of the object function and

the increasing dimension of the parameters.
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There are some recent studies in the literature on panel data models which are related to
problem (16). For example, Ferndndez-Val and Weidner (2015) and Chen et al. (2014) consider
bias-corrected fixed-effects estimators for nonlinear panel data models with both individual and
time effects. Similar to our QFM (withr = 1), their models contain N + 7 incidental parameters,
but their object functions are assumed to be smooth and strictly concave. Kato and Galvao
(2011) study quantile regressions for panel data models where they replace the check functions by
some smooth object functions, but in their model only /N incidental parameters are considered.
Problem (16) features both a non-smooth object function and (N +7") %k incidental parameters.
In the next subsection, along the lines of Kato and Galvao (2011), we show how to overcome
the first difficulty by smoothing the object function S(F, A, 7), as well as provide a consistency
result for the estimated factors and factor loadings. In the rest of this subsection, we describe

a simple and fast computational algorithm for problem (16).

Starting with any 7' x k matrix F(1) (for notational simplicity we omit the dependence of
the estimated factors and loadings on 7 and k), the estimated factors in problem (16) can be

obtained using the following iterative procedure:

1. Given F(m = [Fl(m),...,}%:(pm)], using QR of X;; on F(™ to estimate Agmﬂ) for ¢ =

1,... N
2. Given A"+ = [Agmﬂ), . ,AS\TH)], using QR of X;; on A" to estimate E}mﬂ) for
t=1,....T.

3. Repeat Steps 1 and 2 until F®) and F*+1) become close enough.

4.2 A Smoothed Version of the Object Function

The non-smoothness of the object function in problem (16) makes it difficult to analyse the
asymptotic properties of the estimators in the iterative procedure. To overcome this difficulty,

we use the idea of Horowitz (1998) to smooth the object function. In particular, let K (u) be a

W =1- /; K (s)ds

then the indicator function 1{u < 0} can be approximated by G, (u) = G(u/cnT), where cyr

kernel function, and define:

is a sequence of positive numbers that goes to 0 as NV and T get large. Define the object function

as follows:

N T
(FAT) =D Y (Xit = N7 = Geyy (Xit — N F)]

=1 t=1

Following Bai (2009), we estimate the realizations of the quantile factors by treating them

as fixed parameters. So, from now on, let F¥ denote a particular realization of the the random
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quantile factors. Let F and A be subsets of R such that th-(T) € F and )\%—(T) € A for

j=1,...,7(7). Then, estimators are defined as:

[F(1,k),A(m,k)] = argmin S*(F,A,7). (17)
FeFk N eAx
Similar to the PC estimator, we impose the following restrictions to avoid rotational indetermi-

nacy
F(r,k)'F(r,k))T =1, and A(r,k)A(r,k)/N is diagonal.

It should be noted that Theorem 4 also holds for other identification restrictions. Define
1(2) = 2[T — Geny(2)], 0:U(2) = 0l(2)/0z, and 0,21(z) = 9%1(2)/02*. We impose the follow-
ing assumptions:

Assumption 4. For a given 7 € (0,1),

(i) There exists a sequence of r(7) x 1 factors {FQ(7)},, and a sequence of r(7) x 1 non-
random factor loadings {\)(7)}Y, such that X = X)(7)'F2(7) + Uy fori = 1,...,N

and t = 1,...,T, and P[U; < 0] = 7. Moreover, there exists positive definite matrices
Sa(7) and Sp(7) such that N~V SN XA (1) = Ba(7) and TP FO(r)FP () —
Yr(r).

i e errors {Uy} are i.i.d across i, and independent across t. eir density functions
i) Th U, j.0.d ' d ind d Their density f '
Utti—1 and the first derivatives _exist, and there is a finite constant suc

fue}L, and the first d FIT, d th fi M such
F0 ()] < M and E[0.1(U)]8 < M for all t.

119 1s differentiable and |~ s = o S org =1,....,d—1 an
K is diff bl d [T K(s)d 1, IK(s)ds = 0 for j = 1 d—1 and
Ck = ffooo 57K (s)ds < co. eyt — 0 as N,T — 00.

(i) There exist a sequence of positive constants {bj,}, such that min,<n <7 0,20(Zi) > by
for any Ziy = Xy — Ni(7)' Fy (1) with Fy € F* \; € AF.

(v) max{T~%8 T-V2N=V8 T=1/8N=V4 & /by — 0 as N, T — 0.

Part (i) of Assumption 4 defines the true quantile factors, factor loadings, and the number
of factors at 7 € (0,1). It also requires the quantile factors to be strong. Part (ii) allow us to
consider models like that in Example 4, and it can be relaxed to allow serial dependence of the
errors (i.e., a-mixing as in Ferndndez-Val and Weidner 2015 for each ¢). Part (iii) requires K
to be a dth order kernel, and cy7 to be a sequence of positive numbers going to zero. Parts
(iv) and (v) impose implicit restrictions on the kernel function and the bandwidth parameter,
because b4~ depends on [(Z;;) and therefore on cy7.”> Since we are using the function I(z) to
approximate the check function whose second derivatives are 0 (except at z = 0), it is impossible

to bound min;<n <7 0,21(Z;) below by a constant positive number. Instead, we allow the lower

4 Alternatively, we can treat F° as random variables but make all assumptions and conclusions conditional on
FO.
*Fernéndez-Val and Weidner (2015) has a similar assumption with by, = b* for all N, 7.
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bound to be a positive number depending on N and 7.

Let Po = C(C'C)~'C" denote the project matrix for C. Let Ppiy = Ppi () and Py =
PA(T (1)) Then, the following result holds.
Theorem 4. Under Assumption /,
2 2
HPF(T) — Ppory|| = op(1), and HPA(T) — Pro|| = op(1).

Theorem 4 implies that if we know the true number of quantile factors at 7, the estimated
factors given by (17) span the same space of the true quantile factors in the following sense: if
one regresses a T x 1 vector Y with ||Y/v/T|| = Op(1) on the estimated factors and the true

factors separately, and let YF and I 'ro denote the two sets of fitted values, then we have

YFOt — OP(].)

MHH

t:l

Moreover, an important intermediate result in proving Theorem 4 is
(NT) V2| E(r, k)M (7, k)N | = op(1) for k > 7,

which implies that the common components of the quantiles of X can be consistently estimated

on average as long as k > r.

The computation of problem (17) can be implemented using the similar iteration procedure
for problem (16), the only difference is that in Steps (1) and (2) we need to use nonlinear

maximization instead of QR.

5 Simulations

5.1 Estimation of Quantile Factor Loadings

To evaluate the finite sample performance of our two-step estimator, we consider the following

data generating processes (DGP) with only one common factor
Xit = NiFy + Fieg,

where \; and e;; are drawn independently from N(0,1). F; is generated by F; = e?%t where Z,
are independent standard normal variables, and ¢ = 0.7 such that E(X) ~ 1.28 and Var(X) =~ 1.
This DGP implies a linear QFM of form (1) with A\;(7) = \; + ®7 (7). The histograms of
[r7(1 —7)]~2 - J((7)) - VT[Ai(r) — HybAi(7)] from 5000 simulations are plotted together
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with the density function of N'(0,1). We consider the sample sizes with 7" = 100,200 and
N = 100, 200, 500, 1000, and the estimates at quantiles 7 = 0.10,0.25,0.50,0.75, and 0.90. The
results are reported in Figures 1 to 5. It can be observed that, as expected, the histograms of
the constructed statistics are close to the density functions of standarized normal variables as
N and T get large. It should be noticed that the approximations are more accurate for the
quintiles at the middle than in the tails. Moreover, as a common problem in nonparametric
density estimations, the bandwidth parameter hp has a significant effect on the distributions of
the statistics. In our simulations we simply set hy = T—1/3, so there should be enough room for

improvements if one allows hp to be data-dependent.

5.2 PCA wvs. Iterative Procedures

To illustrate the advantage of iterative procedures compared to PCA estimators, we use simu-
lations where the data sets are generated as in the location-scale model of Example 4: X;; =
aift + geeir, where fy ~ ii.d N(0,1), g = e with hy ~ i.i.d N(0,0.5) and € ~ i.i.d N(0,1).
Ideally, we would expect the iterative procedures to capture the two factors f; and g; at 7 # 0.5,
while the PCA estimators would only extract f;. Table 1 reports the values of R? of regressing
ft and ¢g; on the two estimated factors F PO, FQ r and FSQ r using PCA (columns 2 and 3), and
the iterative approaches (un-smoothed and smoothed version, columns 4 to 7) respectively. It
is evident that the factor g;, which only shifts the scales but not the means of X, is captured
by the iterative procedures at 7 = 0.25,0.75 but not by the PCA estimators. Also note that, as
discussed above, there is only one quantile factor f; at 7 = 0.5 (i.e., at the median) due to the
symmetry of the distribution, so that the iterative procedures are unable to recover the factor
g¢- In particular, we can observe that the smoothed version of the proposed iterative procedure
given the symmetry of the error term performs as well as the un-smoothed version in recovering

the quantile factor g;.

Table 1: PC v.s. Iteration Procedure

[\Frc g9,Fpc  fFor 9Fgr [,Fsqr 9,Fsqr

N, T =20,7 =0.25 .8940 .2705 .8350 .8370 .8868 .8251
N, T =50,7 =0.25 .9596 .1662 .9363 .9287 19399 19242
N, T =100, =0.25 .9802 .1058 9621 .9626 9617 .9604
N, T =20, =0.5 .8940 2705 .9060 .2064 9152 2511
N, T =50,7=0.5 .9596 .1662 .9540 .1535 .9536 .1362
N, T =100,7 = 0.5 .9802 .1058 9716 .1065 9713 .0967
N, T =20,7 =0.75 .8940 .2705 .7592 .8347 .8684 .8338
N, T =50,7 =0.75 .9596 .1662 .9354 9314 .9402 9279
N, T =100, =0.75 .9802 .1058 .9638 .9624 .9639 .9601
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6 Empirical Applications

In this section we consider the empirical applications of our proposed estimation methods to
three financial datasets. The first two dataset consists of monthly returns of all US common
stocks from 1980 to 2014, and of all US mutual funds from 2000 to 2014. Both datasets are
provided by the Center for Research in Security Prices (CRSP). Having eliminated all those funds
with missing values in those periods, the resulting datasets have dimensions N = 475,71 = 420
for the stocks and N = 2419,7T = 180 for the mutual funds. The third dataset contains the
excess returns of the well-known one hundred portfolios constructed by Fama and French (1993,
FF henceforth)from 1985 to 2012 (N = 100, T' = 324).

6.1 Applying the two-step approach

We first apply the eigenvalue-ratio estimator of Ahn and Horenstein (2013) to determine the
number of factors and find that # = 1 for both stock returns and mutual fund returns and 7 = 3
for the FF portfolios. The last result confirms FF’s well-known result that a large proportion of

the variance in the portfolio returns can be explained by three common factors.

Notice that, since the estimated factors for the stock and mutual fund returns are obviously
time varying, and that the estimated factors for the FF portfolios do not contain a constant
factor, we allow for a constant term along the regressors in the second-step QR. The estimated
N quantile factor loadings processes for the constant and the factors are plotted in Figures 6 for
the stock returns, Figure 7 for the mutual fund returns, and Figure 8 for FF portfolios. As can
be inspected, for both datasets, factor loadings for the constant term change across quantiles
but the factor loadings for the estimated factors seem to be rather stable. At first glance, this
would be consistent with common factors only having location-shift effects in the two datasets.
However, to formally justify this hypothesis, we need to implement a test for the constancy of

the quantile factor loading process for each of the returns in all three datasets.

6.2 Testing for constancy of QFM loadings

For simplicity, we focus on the case where the number of PCA factors is 7 = 1, as in the first two
datasets, though the following results can be easily generalized to models with a larger number
of factors. In line with our discussion in section 3.3.1, the aforementioned estimation results

lead us to consider the following particular specification of a location-scale shift model

Xit = NiFy + (1 4+ viFy)eir.
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With E[e;|Fi] = 0, this is a conditional mean factor model with one common factor. In this

model, the hypothesis of constant factor loadings across quantiles is equivalent to
HO LY = 0.

Letting ;\Z() be the estimated factor loading process for individual i, then it is natural to
consider the process 5\Z() — )\;. However, since ); is unknown, we base our test on the process
Ai(+) = Ai(0.5), where ;(0.5) can be replaced by any consistent estimator of A; under Hy. Let

us assume that:

Assumption 5. (i) The sequence {F}} is strictly stationary and m-dependent with E|F;|® <

and 1+~;f > 0 for all i and all f in the support of Fy; (ii) Nt ZN M =03 >0as N — oo;
(iii) The errors {ey} are i.i.d with CDF F. and they are independent of the factor. The quantile
function Q (1) = inf{c : Fe(c) < 7} is well defined, and the density function f. is bounded and

uniformly continuous.

Let F} be the PCA estimator of F;, and define

T
0;(7) = [@u(T), \(T)] = i (Xi — 0'(1, F))) for all .
(1) = [@i(7), Ai(7)] arggé%&%;p (Xit (1, Fy)) for all 7 € T

Then, as in the proof of Theorem 2, we can show that under Hy and the above assumption
f(Qe()) - (1= (EF)*)V2 - VT (Ai(-) = h'Ni() = B() in £2(T),

where Xi(7) = \i +%Qc(7), h = (N"'SSN X1 SSL, B /v, ho = (B[F?])~Y/2, and v is
the largest eigenvalue of (NT)~!X X’. It then follows that under H,

or(-) = fe(Qe()) - (1 = BHEF)) - VT (M) — Ai(1/2))
= f(Qe(-) - (1 = WG(EE)*)Y? - VT(Ni(-) = h™'A) +£(Qe()) - Op (1), (18)

where the first term on the right converges weakly to a Brownian bridge, and the second term
depends on the distribution of €;, which is usually unknown. Note that the second term,
which makes the standard Kolmogorov-Smirnov (KS) test sup,cs |07 (7)| invalid, is due to the
estimation of the unknown parameter );, which is known in the literature as Durbin’s problem
(See Durbin (1973) and Koenker and Xiao 2002). Following Koenker and Xiao (2002), we use
the Khmaladze transformation to purge the estimation effects and get a nuisance-parameter free
test.
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To do so, let us define

1
9(1) = [rAlQe()]]"  g(r) = dg(r)/dr C(T)Z/ 9(s)g(s)'ds,

and assume that

Assumption 6. (i) fo \( (fe /EN(Qc(T | dr < 00; (i) the function (f./f.)(Qe(T)) is not a constant
in the neighbourhood of 1.

Consider the following transformed process

T 1
r(r) - /0 (g'<s>o-1<s> / g(t)d@T<t>>ds. (19)

Essentially, the linear operator ®, projects out the functions belonging to the space of g(7).
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Formally, we have:

Proposition 1 (Koenker and Xiao (2002)). Under Assumptions 5 and 0, we have Op(-) =
@, (07)() = W(-) in £>°(T) under Hy as N,T — oo, where W denotes the Brownian mo-

tion process. The results still holds if the function ¢ is replaced by an estimator gr satisfying
suprer 97(r) — §(r)| = op(1), and KY(EF,)? is replaced by (T~ L Fy)2.

To give a computationally feasible formula for the test statistics, let 7 = ag < a1 < as <

- < Ay < @il = T2 be a partition of T, and define

Cy = Zg aj)g(a;) (aj41 —aj), Dp= Zg (aj)(or(aj+1) — Or(aj))  for k=0,...,m—1,
=k
h
ibww“=%ﬁmy—EZﬂ%YQfDMMﬁr—%) for h=0,...,m—1,
k=0

and we consider the following KS test statistics:

sup lo7(a;) — or(ao)ll

0<j<m VT2 — T1

In practice, we replace ¢(7) by an uniform consistent estimator and replace h3(EF;)? by (71 Zthl Ft)z.
In light of Proposition 1, the test statistics converges in distribution to sup.¢jo 1) WW(7)| by the
continuous mapping theorem. The numbers of variables (percentages in bracket) for which H
cannot be rejected are reported in Table 2 for all three datasets, using critical values at 1%, 5%
and 10% significance levels. As can be observed, the null hypothesis of a simple location-shift
model cannot be rejected for almost 80% of the returns in all three datasets, whereas for the

remaining 20% there is evidence of a location-scale shift model with a single factor. However, it
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should be noticed that this conclusion is subject to a restricted specification whereby only the
same common factors are allowed to affect mean and variance. If this were not the case, then
an approach combining the two-step and the iterative procedures would be required, an issue to

which we devote the next subsection.

Table 2: Testing for constant quantile factor loading processes.

Critical Values 10%(1.94) 5%(2.22) 1%(2.80)

Common Stocks  303(70.63%)  341(79.49%)  382(89.04%)
Mutual Funds  1894(80.05%) 1994(84.28%) 2086(88.17%)
FF portfolios 266(82.10%) 287(88.58%) 295(91.04%)

6.3 Iterative Approach and Model Specification Checks

As discussed in Section 3.3, the two-step approach only works when the first-step PCA estimators
of the factors are consistent for the space of all quantile factors. Yet, it there were extra quantile
factors that cannot be consistently estimated by PCA estimators, then the estimated QFL
process may not be consistent due to omitted factors (see Angrist et al 2006 for more details),
and hence the tests based on such estimates may be misleading. As mentioned earlier, in the
specific case of location-shift factor models, such as in Example 1, where the omitted factor
happens to be a constant, the problem can be easily fixed by adding an intercept among the
regressors in the second-step QR, as it was done in Section 3.1. However, when the missing
factor is not a constant, there is no easy solution and one has to rely on the iterative approach

discussed in Section 4 to recover all the quantile factors.

More importantly, in the spirit of Hausman’s test, the iterative approach provides a simple
heuristic way of testing whether the two-step approach works by checking whether the PCA
estimators miss any factors other than the constant term. To simplify the discussions, let Fpe

and FQ r(7) denote the estimated factors using PCA and the iterative approach at 7, respectively.

First, note that, if Assumptions 1 and 4 provide reasonable approximations of the true
model, Fpe should be close to the space of the location-shift factors (or mean factors). These
should also be close to a subspace of FQ r(7), because the quantile factors may also include
some additional factors (such as the constant factor or scale-shift factors). Therefore, running
linear regressions of Fp¢ on FQ r(7) should yield a R? close to 1. Second, FQ r(7) should be
close to the space of all quantile factors, including the factors that cannot be captured by Fpe.
Therefore, if the only factor missed by F 'pe is a time-invariant one, running linear regressions

of a constant factor on FQ r(7) should also result in R? close to 1 for most 7s.%

SNotice that we say for most rather than for all s because, e.g., in Example 4 there is no constant factor at
7 =0.5.
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Our model checks rely on these two R?’s. The lessons to be drawn from these two statistics
would be as follow: (i) if the first R? is small for many 7 s, the validity of Assumptions 1 and
4 should be questioned; (ii) if the first R? is close to 1 for all 7’s, but the second R? is low for
many 7 s, then this would point out to the existence of extra time-varying quantile factors that
are also those affecting the mean; and (iii) if both sets of R?’s are quite smaller than 1, this

would support a location-scale shift model with different factors. ”

To provide some simulation results on the finite-sample behaviour of the two R?’s, we first
generate a simple location-shift factor model as in Example 1 with N =T = 200, where «;, f;
and €;; are all i.i.d with standard normal distribution, and plot the two R?’s across 75 in the
upper left panel of Figure 9. Recalling that in this case the PCA estimator consistently estimates
the common factors f;, but that a constant appears as an extra quantile factor for all 7°s except
7 = 0.5, we can observe that the first set of R? s (red line) is close to 1 for all 7 = 0.10, ... ,0.90,
while the second R? (blue line) is also close to 1, except around a few quantiles close to the
median (i.e., 7 € (0.45,0.55)). The reason for why the second set of R?’s differs from 1 in this
neighbourhood of 7 = 0.5 (where recall that it should be zero given the symmetric distribution
of the error terms) is that the QFL for the constant factor in our DGP, Q¢(7), at 7s close to
0.5 happen to be small compared to the QFL for the time-varying factor f;. For example, the
modulus of Q(7) at the two quantiles 7 = 0.45,0.55 is only |Q.(7)| = 0.1257, quite below the
factor loadings of f;. As a result, f; is a relatively strong factor and the constant is a relatively
weak factor. This explains why in finite samples, while f; can be spanned by ﬁQ R, the constant
factor cannot be spanned such estimated factors. Yet, we have checked that for larger sample

sizes this distortion tends to vanish.

Using as a benchmark the simulated behaviour of the two R? ‘s above, we next report their
empirical counterparts for each of our three financial datasets to check whether there are extra
quantile factors of the returns that the PCA estimators are unable to capture. In the iterative
approach we set r = 2 for the stock and mutual fund returns, and » = 4 for the FF portfolio

returns.

The two sets of R?’s for each dataset are plotted in the remaining three panels of Figure
9. As can be inspected, the first set of R?’s (red line) for the mutual fund returns and FF
portfolio returns (lower left and right panels, respectively) are both close to 1 for all 77s. As
for the second set of R?’s (blue line), they also exhibit a similar pattern as in the benchmark
models for the mutual funds, with values close to 1 at tail quantiles and very low values around
7 = 0.5. Hence, this indicates that (i) Assumptions 1 and 4 are likely to satisfied for these

returns, so that both Fpe and FQ r are consistent for the space of the location-shift factors.

"It could also be the case that all the quantile factors are also location-shift factors which can be consistently
estimated by Fpe. But this case is unlikely in our applications because it implies that in the two-step approach
the estimated quantile factor loading process for the constant are all 0, which is obviously at odds with what is
shown in Figures 6 to 8.
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This, however, is not the case for the FF portfolio returns where, despite having a a similar
?inverted U” pattern, the values of the second set of R%’s happen to be far below 1. Thus, since
the first set of R?’s is close to 1 but the second set is quite smaller than 1, we conclude that a
location-scale shift model sharing the same set of common factors is the preferred specification
for these returns. Finally, fairly different findings hold for the stock returns (upper right panel)
where the first set of R?“s has a ”U” shape, rather than being all around 1, while the second set
has an ”inverted U” shape with values quite below 1. Hence, the combination of both results
point out that either Assumption 1 or Assumption 4 fail to be satisfied for these returns and,

as a result, that neither F 'pC NOT FQ g are close the true factor space.

Summing up, the empirical evidence presented above indicates that: (i) the extra factor
for the mutual fund returns, is just the constant factor, so that the two-step approach works
reasonably well for this dataset; (ii) the extra factors for the FF portfolio returns are the same
as those affecting the mean, so that PCA allows to consistently estimate these factors; and (iii)
the extra factors for the stock returns differ from those affecting the mean and, therefore, that

such factors cannot be consistently estimated by PCA.

7 Conclusions

In this paper we propose the concept of quantile factor models (QFM) and their estimation and
inference. We start proposing a two-step procedure to estimate the common factors and the
quantile factor loading (QFL) processes. At a first pass, a useful weak convergence result for the
entire estimated QFL processes is obtained. This result provides the basis for testing various
relevant hypotheses about the effects of the common factors on the distributions of the observed

variables, as illustrated in the empirical applications.

Yet, when there are common factors that affect the quantiles but not the means, the two-step
procedure results in inconsistent estimators due to omitted variables. This happens because the
PCA estimators in the first step cannot capture all the relevant factors for the second-step QR.
To solve this problem, we propose an iterative procedure that can successfully extract not only
the mean factors but also the quantile factors. Consistency of these estimators is proven for a

smoothed version of the iteration procedure.

There still remains several important questions which deserve further research. Firstly, when
the two-step procedure works, the number of quantile factors could be consistently estimated
using many existing methods. Yet, it is important to have a consistent estimator for the number
of quantile factors when the two-step procedure fails (as in Example 4). Second, while our iter-
ative procedure can recover factors that cannot be captured by PCA estimators, it is interesting
to see how these extra quantile factors can improve macro forecasts compared to current prac-

tices based exclusively on factors estimated by PCA. Lastly, a very challenging but interesting
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problem is to derive the asymptotic distributions of the estimated factors stemming from the

iterative procedure.

A Proof of the Theorems

A.1 Proof of Theorem 1

Lemma 1. Define Cnypr = min[N,T], the following results hold under Assumption 1:

(i) T Yo | Fi = Hy Fill* = Op(Cx7)-

(ii) [Hnr — Hol| = op(1).

Proof. Since the errors {e;;} defined in (6) are uncorrelated across i and t and E||F;||* < oo, Assumptions
C1 to C4 of Bai and Ng (2002) are trivially satisfied (Note that we don’t need the E|e;|® < oo, which
are only required to consistently estimate the number of factors). Moreover, By Assumption 1(i) we also
have T~'F,F] — Xr = op(1) by applying the law of large numbers, thus Assumptions A and B of Bai
and Ng (2002) are also satisfied by our Assumptions 1(i) and (iii).

However, Assumption C5 of Bai and Ng (2002) is not satisfied by our model. Note that this assump-

tion is only needed in proving the following result (we adopt the same notation for convenience)®:

N
-1 Z b; = Op(1/N) where b; = and (g = N1 Z (eiteis — E[eiteis]).

T 2
Z Fs<st
s=1

Next, we show that under our Assumption 1, 71 Zthl b = Op(Cy}) and thus part (i) of the desired
result, which is Theorem 1 of Bai and Ng (2002), still holds. Note that

T T T T LI
th:TﬁZ ZFCst < Z|F|2>TZZC;_T'TZZ<§“
t=1 t=1 || s=1 =1 s=1 t=1 s=1
and
1« 11 — 1 SR ’
T Z Z ¢ = NT Z Z N Z (eitezs E[eztezS]) + T Z N Z (61215 E[eft]) (20)
t—1 s—1 t=1 s=1,s#t i=1 t=1 i=1

Note that under our assumptions Ele;ie;sejie;s] — Elesceis|Elejiejs] = 0 for any i # j and ¢ # s. Hence,
for all ¢t # s,

2
E|— ) (eiteis —E[eiteis])] < NZE[e?te?S] < ma;;fE[ ] < E|F*- max E|jug|[* < oo

since E|[F;||* < oo by Assumption 1(i), and by Assumption 1(iii) there exists a M < oo such that

8Tn Bai and Ng (2002) the authors consider the estimator 15,5 = VA?TIE, which does not affect our results
because Vnr —p V and thus |[Var| = Op(1).
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Eljui||P < M for all ¢ and for any finite p > 0 . So the first part on the right hand side of (20) is
Op(T/N). And when t = s,

N N N
l 2 (i~ Ele)) ] <3 3 Blehed <EIFI" o Bl < o

for all ¢ as shown above. Then the second part on the right hand side of (20) is Op(1). In sum, we have
T-! Ethl by = Op(1/N) + Op(1/T) = Op(Cn7 ), and the other parts of the proof is similar to those in
Bai and Ng (2002). Part (ii) Follows directly from Proposition 1 of Bai (2003) and Assumption 1(iv).

Another direct consequence of (i) is that

=,/ max b <, > by =0p(VT/VN)+ Op(1).

By a proof similar to that of Proposition 2 in Bai (2003), we can obtain the following useful result:

1<t<T

T
max HTfl Z F‘SCSt
s=1

Jax ||Fy = HyrFi| = Op(T™'2Cyif?) + Op(ar/T) + Op(VT/VN) + Op(1), (21)
where maxlStST ||Ft|| = OP(QT). O

Proof of Theorem 1: Define D = {D € R"™*" : D > 0 and ||D|| < o}, Qo(7,A) = E[p- (X —
NF)] and ¢ (u) = 1{u < 0} — 7. Under Assumption 1(vi) we have for each 7 in T, 0Qs(7,\)/ON =
Elo- (X — N Fy)Fi] and Qoo (7, A)/ONON = J(N). From (??) we have 0Quo (7, i (7)) /0N = E[p, (X —
Xi(T) Fy)Fy] = 0, thus by Assumption 1(v) A;(7) uniquely minimizes Qs (7, A) uniformly over 7. It then
follows that D~1)\;(7) uniquely minimizes Qo p(7,\) = E[p,(Xiz — N D’F})] uniformly over T for any
DeD.

Define Qr p(7,\) = T~ 31, p.(Xs — ND'F;). Notice that the function (1,A) — p,(z — X' f) is
continuous for each € X and f € F, and |p- (X — NHyF;)| < C -supyc4 ||Al] - [[Hol| - || F¢|| for some

constant C' < oo for all (7,A) € T x A. Since E| F;|| < oo and A is compact by Assumption 1, it follows
that

sup H@T,Ho (T7 )‘) - Qoo,Ho (7—7 )‘)” = OP(l) (22)
(1, ET XA

by invoking Lemma 2.4 of Newey and MaFaden (1994).

Define Qr(r,\) = T~* Z;‘F L p+(Xit — N'E}). By definition, \;(7) is the minimizer of Q7 (7, \) over A
for each 7. Note that p,(u —v) — pr(u) = vo-(u) + [; (1{u < s} — 1{u < 0})ds, so’

T T
Qr (1, A) = Qraty (RN < C- AT Y |y = HyE|| < C - 1A J T-1) || F — HyF|P?

t=1 t=1

for some constant C' > 0. By Lemma 1 we have 7~} Zthl | £y — HYF|)2 < T Zthl | By — Hiyyp Fi||? +
||Hn7—Hol|?>- T Zthl | Fi||* = op(1), it then follows that sup, y)e7x .4 |Qz (T, \)=Qr a1, (7, A)| = 0p(1).

Tt then follows that |pr(u — v) — pr(u)| < |v| - [1{u < 0} — 7|+ |v| - 1{|u| < |v|} < 3Jv].
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The latter result together with (22) imply: sup(, \je7x.4 |Qr (7, \) — Qoo,H, (1, \)] = op(1). Since Ai(7)
is the minimizer of Qr(7,\) by definition, and Hy 'Ai(7) is the unique minimizer of Que g, (7, \) as
shown above, it then follows from Lemma B.1 of Chernozhukov and Hansen (2006) that sup, ¢ || Ai(7) —
Hi'\i(1)|| = op(1) for all i. Moreover,

sup | Xi(r) — HypAi()]| < sup [|Ai(7) — Hy "Xo(m)ll + [ Hyp — Hy Ml - sup [ \i(7)]| = op (1)
TET TET TET

A.2 Proof of Theorem 2

We first prove a key result about the uniform rate of convergence of the estimated factors:

Lemma 2. Suppose Assumptions 1 and 2 hold, then:

max || Ey — HypFil| = Op(TY8 /N N) + Op(T75/8) = op(T~Y/?).

1<t<T

In our model E[e;e3,] —Ele3,]E[e3,] # 0 for i # j, so the above result the our proof is slightly different

from Bai and Ng (2008), who show that max;<;<r ||F; — HypFi|| = Op(TY8/V/N) + Op(T~7/8) .

Proof. Define the Lp-norm of any random variable Z by | Z|, = (E|Z[P) Y7 For any random variables
Z1,Za,. .., we have

H max ZtH < H max |Z]
<<ty 1<t<T

1<t<T

1/p
1/p T )
_ /p.
L (E[ max |Zt|p]) < <t§_1 E|Zt|p> <TVP 1211522(T||Zt”p' (23)

A immediate result of this maximal inequality is that max;<i<7 || Fi|| = Op(T"/®) if B[ F;||® < co.

Following Bai (2003), we have

T T
. B 1 .
F, — HyoFy = VN%( Z Fs’Yst + Ft”Ytt Z sTst T T Z Fylst )7 (24)
s;ét ;\’_/ ! iy
S——— be ct dy
where
N
Vst = NZ €isCit, Tst :F;A/et/Ny gst :Ft/Ales/N;
et = [e1t, ..., ent)’, and Vi is defined as in Section 3.1. Define u;y = \;(Uit) — A, note that under our

assumptions, e;; = ul, F} are uncorrelated across i and ¢, and E|e; [P < E||ug||? - E|| F;||P for any finite p.
Moreover, E|u;||? < oo for all i and any finite p because U;; are uniformly distributed over [0, 1] and A

is compact by our assumptions.



First, by adding and subtracting terms,

T T
Z (Fs = Hyr)yse + Hyr = ZFs”Yst
Z;:rﬁ% s;ﬁt

ait azt

For a4, we have

T 1/2 T 1/2 1/2
1 - 1 _
llaill < (TZ|FS—HJ/VTFS|2> <T Z’th> =Op(C 1/2 < Z’Yst> )

s#t s#t

and since E[e;ieie iejs] =0 for t # s and j # 1,

T 2N 2 N 4
N 2 _ —1/2 -1/2 e
E [? Z FYst‘| E{ T Z [ Z €is€it 1<51:I<12’}’Xs;£t N Zl €isCit )

s#t s#t
It is easy to see that for all s # ¢,

4
<C- max, Elef,] < C-E|F®- m?ng[“zst] < o0

1<i<

N
E lN_l/2 Z €is€it
i=1

for some finite C' by assumptions. Then by the maximal inequality (23) we have maxi<;<7 ||a1] =
Op(C’R,lT/QTl/‘lN_l/Q). For ao;, note that

Fyvys Fgeise;
w2 s (i 3, B e

and

T N 2 .
( p3 ;Fse“e“> <57 > D E[EIPeh] < max Elu*-E|F]° < oo

s=1,s#t i=1

for all ¢ by assumption. Then by the maximal inequality (23) we have max;<;<7 ||ax| = Op(N~/?). In

sum, we have max;<;<7 ||a¢|| = Op(N~1/2) by Assumption 2.

Second, by adding and subtracting terms,

b1t bat
Since
N 4 ] NN NN
El ¥ Z ] =i NN Elehedielel] < lgléng( eyy) <E[F]®- max Efjuit||® < oo
i=1 i=1 j=1p=1q=1
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for all ¢, then by the maximal inequality (23)

max ||by]| < T7 max || - Op(TY*) = Op(T~°/%)
1<t<T 1<t<T

because E||F;||® < oo implies maxi<;<7 || F|| = Op(T"/#®). Moreover, it follows from (21) that max;<;<7 ||ba|| =
T~10p(1)Op(TY*) = Op(T~3/*). In sum, we have max;<;<7 ||bs]| = Op(T~5/%).

Third,
T ) T
Ct = Til Z(FS — HJ/VTFS)T]st + HJ/\/'TT71 Z FsT]st .
s=1 s=1
C1t C2t

Note that 7! Zstl Fong = N-V2(T1 Estl F,F!)(N-1/2 Efil Aieit), and it is easy to see that
IE(N —1/2 Zﬁl )\ieit)s < oo for all ¢ under our assumptions, then by the maximal inequality (23) we
have maxi<;<7 ||cas|| = Op(T"/®/v/N). Moreover,

T 1/2 T 1/2
llew| < <T1 Zni) (Tl D oIF - H]/VTFS”Q) :
s=1

s=1

and
T T

T
TS R — 1S (EN e /N < N eV (Tl 5 |Fs|2)7
s=1

s=1 s=1

since E||A’e;/v/N||® < oo for all £ as shown above, by the maximal inequality (23) we have max; <;<7 [T~ 31, 72| =
Op(TY*/N), and thus maxi<i<r||cit]| = Op(TY8/V/N)op(l). In sum, we have max;<;<7 ||lci]| =
Op(T'8/\/N).

Finally, by Bai (2003)

) 1/2
Ne/VN| ) el

1 T N
/ .
= ; ; F)X.eis

T 1/2 T
1 - n —
] SW(T 1Z||FS—H;VTFS||2> (T 3

s=1 =
1
+—

F|.
— |7

j
3

2
A/es/\/NH and \/Zl\I_T le Zﬁl Fs\eis are both Op(1) by the stated

assumptions, and since max;<;<7 || Fy|| = Op(T/3), we have max;<i<r ||di]| = Op(N~V2Cy/*TV/8) +
Op(N=V2T=1/271/8) = Op(N~1/2T—3/8). Combining all above results gives: max; << ||Fy—HhpFr|| =
Op(Tl/g/\/N)+Op(T_5/8). O

It is easy to see that -1 37 ‘

To simply the notations, we suppress the subscription i and write X;, A(7), A() instead of X, Ai(7), Ai(7).
For any D € D, define

T
Sto(mA) =T ¢ (X, = ND'F,)D'F;, Swp(r,\) =Elp,(X; — ND'F,)D'F,
t=1
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and Gr(7,\, D) = VT[St.p(,\) — See.n (7, )]

The following lemmas hold under Assumptions 1 and 2:

Lemma 3. Define Sp(r,\) =T~ 1 Z;‘ll ©r (X — NE)Ey, then sup, o VTSt (7, A(7))|| = op(1).
Proof. First, we have

sup |[F]| < sup [|FY|- |Hyr| + sup ||Fy — HyrFy,
1<t<T 1<t<T 1<t<T

sosupy <y || Fol| = op (T/?) because supy <, <1 | E1l| = Op(TY/%) and sup, <, <1 | Fs—Hyr Fy || is 0p(T71/?)
by Lemma 2. Then it follows by Theorem 2.1 of Koenker (2005) that [|S¢ (7, Ai(7))[| < 7-sup; <;<7 | E3|l/T+
Op(T™) = op(T7/?) for all 7 € T. O

Lemma 4. sup, |Gz (7, A(7), Hnr) — Gr(1, Hy *A(7), Ho) || = op(1).

Proof. Define the empirical process

Gr(r,0,D) 3 {907 X, — 0'F,)D'F, — E[p. (X, — H’Ft)D’Ft]},

t=1

@\H

and the compact set © = {# € R* : § = DA\, A € A, D € D}. By Theorems 2 and 3 of Andrews (1994),
it is easy to see that the class of functions {(1{X; < 'F,} —7)D'F, : 7 € T,0 € ©, D € D} satisfies the
Pollard’s entropy condition with an square integrable envelop suppcp || D] - || F3||, thus by Theorem 1 of
Andrews (1994), Gz (7,0, D) is p-stochastic equicontinuous with the pseudometric:

1<5<r

N 2
pl(71,01,D1), (72,02, D)) = \/ max E(r, (Xo = 0{F)D) Fi = or, (X, - 0,F) DY Fy)
where D(7) denotes the jth column of D. Note that
p[(T17917D1)7 (7—27927D2)]

< max \[PEDP) - DY)RE + max \[EL(X < 0,1} (DF) ~ DY)

Jj=1,...r 1,...r

+ max VE({X, < 015} — 1{X, < 92Ft})ng'>Ft]2,
j=1,...,r

and the first two terms on the right-hand side of above inequality are bounded by C'-|| Dy — Da||- /E|| F||?
for some C' > 0. For the third term, by Holder’s inequality and Assumption 1(vi) we have

max \/E (1{X, < . F,} — 1{X, < 6,F,}) DY ]2

J=1,

max (E[L{X, < 0:1F} — L{X, < O F}]) 750 (E[DS) F)2+e) =
J

.....

IN

N

| Ds | - (B||E|[26) 75 - (B||Fy|)) 2= - (f - |61 — 6o]]) 770 .
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Then by uniform consistency of A(7) and Lemma 1(ii),

d = sup p[(Tv X(T)IHJ/VTv Hnr), (7_7 )‘(T)Iv HO)] =op(1),

TET
and thus
sug)— ||GT(T, 5\(7’), HNT) — GT(T, Hal)\(T), Ho)H
TE
= sw G2 (7, A7) Hyp, Hyr) — G (, A(r)', Ho) |
TET
< sup |Gr(r1,01, D1) — Gr (72,02, Ds)|
pl(71,01,D1),(72,02,D2)]<6
which is op (1) by the stochastic continuity of Gr (7,6, D). O
Lemma 5. Letr = [ry,...,rr|, where ry is a r X 1 vector of real numbers for each t. For any D € D
and A € A, define:
| I
Urp(hr) = = Z{ 1{X; — ND'F, < 0} — 1{X, - ND'F; < )\/rt}]D/Ft},

t=

—

= Op(l).

then supyc 4 HUT;HNT()\7 T)|Tt:Ft_H§VTFt

Proof. Let DU7) be the jth column of D, and let Uz p ; be the jth element of Uz p, i.e.,

T
3 { 1{X; — ND'F, < 0} — 1{X; — ND'F, < Xrt}}D<'J’>Ft},

t=1

UTD,J )\ T

%\H

then it suffices to show that supyc 4 HUT;HNTJ()\7 )|

=P HY Py || op(1) foreach j =1,...,r. We can

write:
~Ur,p,j(A7) = U%F,D,j()‘a ) + UT p.i(AT),
where
|
Uk (A7) i Z{ 1{X, — ND'F, < Nre} — 1{X, — ND'F, < 0}] D) F1{DWF, < o}}
=1
|
U%,D,j()‘vr) = ﬁ Z { [1{Xt — )\/DIFt < )\/Tt} — 1{Xt — )\/D/Ft < O}] Ftl{D Ft > O}}
=1
Define
L= min Nry  and w7 = max \ry,
1<i<T 1<t<T
and
1
Ry (A7) = o= Z { 1{X, — ND'F, < 4} = 1{X, — ND'F, < 0}] D) F,1{DIF, < 0}}
=1

32



1

T
7 Z {[1X, = ND'F, < 7} = 1{X, - X D'F, < 0}] D' F{D)F, > 0},

t=1

RTDJ/\”Y =

then we have
HUTD7 )‘ r H < max [HRTD ()‘ UTAT) >

SN Lear) H} ;

103, 5, )| < max [[[R: p ;A L),

D)

Adding and subtracting terms, we have

R7.p.; (A7)
1 T
- 75 Z {1{Xt ND'F, < Y\ DD E{DE, < 0} — E[I{Xt ND'F, < YD F1{DWF, < 0}}}

W, p (A D)

Sl
B

{1{Xt ND'F, < 0D E1{DDE, < 0} — E[I{Xt ND'F, < 0D F1{DF, < 0}}}

t=1

W, p (XN D’,0)

1{X, — ND'F, < y}D"DF,1{DF, < o}} VT - E[I{Xt ~ND'F, < 0}DE1{DWIF, < 0}} .

3

—

-E

Rp (A7)

For simplicity, write g, = D(7) F,. First, note that the class of functions
{,7) = {X; —0'F, <~}-g:1{g: < 0}}

satisfies Pollard’s entropy condition with envelop function ||g;|| and E[|g;|*T¢] < co according to Theorem
3 of Andrews (1994), then by theorem 1 of Andrews (1994) the empirical process Wy p defined as above
is d-stochastic equicontinuous, where

d[(01,7), (02,72)] = \/E|[1{Xt =0 F <m}— X, — 05F <72}g:1{g: < 0}‘2
D - (B[ F]*T) 2% - [f(|v2 — v2l + (|61 — 62| - Bl E])] 29

IN

by Holder’s inequality. Second, we have

sup |uy x| < sup mln Ny
AEA AeA N 1<t<T

< sup max ’)\’rt
AeA1ISt<T

< .
< sup ] mae .

and thus
sup x| < sup Al - max HFt HyrFi| = op(1)

by Lemma 2, where 4y = “T>/\7T|T:F—H;\,TF' Therefore, supyc 4 d[(N' D', ax7), (N D’,0)] = op(1) by

the above inequality about d, and supyc 4 |Wr,p(N' D', ixr) — Wr,p(ND',0)| = op(1) by d-stochastic
equicontinuity of Wy p.
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Next, it is easy to see that |Rp(\,y)| < f- |D|| - E|Fy|| - VT|y|, and so
sup [Rp(A, 7))l < f- | D - sup Al - E| | - VT max ||Fy = HyrFr|| = op(1)
AeA AeA 1<t<T
by Lemma 2. As a result,

sup |R7, p (A, @iar)| < sup [Wp p(N' D', iix 1) — Wr,p(N'D',0)| + sup [Rp (X, 1)) = op(1),
AcA AcA AcA
and we can show that supye 4 |R%F7D7j(/\, ZAAVT)| = op(1) in a similar way, which implies that

1 _
sup (Un p s A1), 2y, = 0P (1)

Similarly, it can be shown that supye 4 |U2T)D)j (A7)
that

P H ) op(1), and finally we can conclude

. 1 2 _
sup Uz, ()\’T)’Tt:ﬁ’tfo\,TFt = sup ‘UT,D,j()‘aT)’rt:Ft—Hf\,TFt—i_igg ’UT,D,j(/\vT)‘n:pt,H;VTFt =op(1),

and the desired result follows by letting D = Hyr. O

Lemma 6. For any D € D, define

A A 1 P
fr.0(r,X) = VI8r.0(r.N) = S1(r )] = == 3~ {0 (Xs = ND'E)D'F, = o (X, = NE) .
t=1

then sup_ o+ HHT,HNT(Ta ;\(7’))“ =op(1).

Proof. Adding and subtracting terms, for any D € D, we have:

] =

HT_’HNT(T, )\) = {(pT(Xt — )\/HE\/'TFt)D/Ft — @T(Xt — )\/Ft)ﬁt}

t

1

Il
5= 5l-
[M]=

T
N 1 . N
{[1X0 < NHyr R} - 14X, < NEY Hyr B} - 7 2 e (Xu = NE)(F — Hir )
t=1

t=1

T
1 PN
UTvHNT()\’r”n:Ft—HE\,TFt - ﬁ Z@T(Xt - )‘/Ft)(Ft - H;VTFt)v
t=1

it then follows from Lemma 2 and 5 that

T
sup ||Hr, iy, (T, /\(7’))” < sup HUT,HNT (A7), 1 FtH 4 or—1/2 Z ||f7t — H\rFy|| = op(1)
TeT AeA NT =1
because T—1/2 " ||Fy — Hyp Fy|| < VT maxi<i<7 | Ey — Hiyp Fil| = 0p(1). O

Proof of Theorem 2: first note that For any D € D, we have the following expansion for each
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TeT:
Soo.0 (T, A(T)) = Seo.p (1, D7IN(T)) + D'Elfx (\*(7)' D' Fy|F,)F, F/1D - [\(t) — D™'A(7)],

where A\*(7) is on the line connecting D~'A(7) and A(7) for each 7. Then, by uniform continuity of

fx (x| f) and uniform convergence of A(7) for HyLA(7), we have
See. i (T, M1)) = Hyr[J(A(7)) + 0p (D] Hy - [A(7) = HypA(7)] (25)

uniformly over 7 since Seo,p(7, D7IA(7)) = 0.
Second, by definition we have:

VTSwo tine (T, A7) = VIS (1, A7) — G (T, A7), Hyp) + Hr iy p (7, A(7)), (26)
and combining Lemmas 1, 4, 6, (25), and (26) gives:
[HJ(A(T))Ho + op(1)] - VTIA(T) = HypA(T)] = =G (7, Hy 'A(7), Ho) + op(1) (27)

uniformly in 7 € 7. It then follows from (27) and Assumption 2(iii) that'’

sup || - Gr(r, Hy'A(7), Ho) +op(1)]| > (p* + op(1)) - fgg\/ﬂﬁ(ﬂ — Hyp A7) (28)

Since the mapping 7 + A(7) is continuous due to implicit function theorem and Assumption 1(v)*!, the
process V() = Gr(-, Hy 'A(-), Hp) is p-stochastic equicontinuous with

plr, 2] = pl(1, \(11) Hgy, Ho), (12, M(2)"Hy, Ho)

where p is defined in Lemma 3. Then by stochastic equicontinuity and a standard multivariate central

limit theorem, we have
T
1
Vr(r) = —= D or(Xe = M7) ) Hy Fy
converges weakly to a zero mean Gaussian process V. (7) defined by its covariance matrix

2(7’1,7’2) = E[VOO(Tl)VOO(7'2)] = [Hlin(Tl,TQ) — TlTQ]HéEFHO.

It then follows from (28) that sup, o+ VT | A(T) — HybA(7)|] is Op(1), and thus from (27) we can conclude
that [H)J(A(-)Ho] - VTIA(-) — HypA(+)] converges weakly to Vo (-) in £°°(T). The desired result follows
by noting that H{XpHy = I,. [

For a symmetric positive definite matrix A and a non-zero vector a, ||Aal| = Va2a = \/(a/]a])2(a/]|a]])
lla]l > v/p(A?)|la|| = p(A)]la||, where p(-) is the minimum eigenvalue.
See Angrist et al (2006).
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A.3 Proof of Theorem 3
Proof of Theorem 3: Again, for simplicity, we suppress the subscript i. Recall that:

T, (A1) = E[fX\F(/\(T)/Ft|Ft)H6FtFt/H0}

and .
IO = 5 72 {HIXe = Moy Bl < b} R
Define .
JA(r) = Qth' - ; {HIXe = A7) Hyr Fo| < hr Y HGFF{Ho .

It can be shown that sup, . ||Jm, (A(7)) — J(A(7))|| = op(1) by Assumptions 1(v) and E|F[* < oo,
uniform consistency of A(t) for Hy *A(7), Lemma 1(ii), and the definition of density functions'?. Thus,

the uniform consistency of J(A(7)) follows from

fggl\f(ﬁ(f)) — JAM)I = op(1). (29)
To prove (29), note that

2hT( (T)))

T

_ %; {1{|Xt () Fil < he}(B ] — HyFF/Ho)}
I

1 T

+ = Z | X — A7) Fy| < he} — 1{|Xe — N7) Hyp Fo| < he}| HyF,F/Hy .
II

2The details of the proof is similar to that of equation (A.8) in Angrist et al (2006) and is therefore omitted.
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First, we have

T T T
Il < =SS URE - HEFH < 5 5" 1F ~ HENIHEN + 2 S 1F — By IA]
t=1 o t:ll - t=1
< 2 Holl - D E ~ HyE|IEN + 5 I F — HyF?
1 t;l A t=1 1 . 1 . A
< 2| Ho - T Z |1Fy — Hyr B[ F2|l + 2| Holl - [[Hnr — Holl - T Z IF]* + 27 Z |F; — Hyp Fi)?
t=1 o ) —
+2||Hnr — Hol? - T Z (| Fe ||
1, ¢ 1 &
< 20Holl\| 7 2V = i PPy 7 3 IR + Op (e = Hol) + Op(Cif)

T
1 .
= TZHFt—HJ'VTFtHQ'OP(l)Jr||HNT—H0||'OP(l)a

then by Assumptions 2(ii), 3 and Lemma 1(i) we have ||I||/hr = op(1) uniformly in 7.

Second, define G;; as the ith row and jth column of H)F,F}Hy, and we first consider the case i = j
such that G;; = Gy > 0. It is easy to see that:

T
Z X, = A7) | < hr} = 1{|X, = A7) Hyo Y| < hr}] G
T : ~ A
= Z [1{1X: = A0 By Fil < b+ hr(7)} = 1{IXe =AY Hyp il < hr} |G

Where kr(7) = maxy<;<7 | A7) (F} — H}rF;)|. Now consider the following empirical process

Cr(0,h) = {1{|Xt—9Ft|<h} Giy —E[1{|X, — 0'F)| < h}- G”]}
t 1

The right hand side of the last inequality is equal to

—1/2
7Y |:CT(07h’)|h:hT—|—];;T(T)70:HNTS\(T) _(CT()\’h)|h:hT,9:HNTS\(T):|

117

+ E[{|X; - 0'F|<h}- Gm]h:hTH;T(T),e:HNTx(T) E[1{|X, — 0'F,| < h}- Givt]h:hT,e:HNTm) .

v

Since Cr (6, h) is stochastic equicontinous when E||F;||* < oo by Theorem 1 of Andrews (1994), it then
follows that ||IT1|| is op(T~"/?) uniformly in 7 given that

Suglff:r( )| < supH/\H max. IIFt HypFi| = op(1). (30)
TE
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Next, note that
E[1{|Xt —0'F| <hy}- GM] — E[1{|Xt —0'Fy| < hy}- Gi,t}

= B[ (#xip 0B+ h7) (= ha) = fx(0'F + h™) (= ha) )G,

kr(7)] =
op(T~Y/2) uniformly in 7 by (30). Combining the above results and Assumption 3, (29) follows directly

where h* and h** are points on the lines connecting hy and ha. We then have | IV || < 2f-E||G;,

and thus the first statement in Theorem 3 is proved. The second statement follows trivially by Slutsky’s
Theorem and the fact that & Zt NEE! — HYFF/Ho| = op(1). |

A.4 Proof of Theorem 4

To simplify the notations, we suppress the dependence of various object on k,T, i.e., F = ﬁ'(k,r),
FO = F2(7), I(2) = I.(2), etc. Write Zy = Xy — N,Fy, Uy = 28 = Xy — A0 FQ, and Zy = Xy — N Fy.
Finally, for a matrix C, ||C||s denotes the spectral norm of C: ||C||s = +/p1(C’C), where p; denote the
largest eigenvalue. Note that we have ||C||s < ||C| < \/rank(C)|C|s.

Using Taylor expansion we have
l(ZAZ ) l( ) 0. l( )(ZAlt — Uzt) + 0.5@21(2”)(2“ — Uit)z > 8zl(Uit)(Zit — Uit) =+ 05()7VT(ZA“5 — Uit)z,
where Zit is between ZA“ and U;; and the inequality follows from Assumption 4. Then for k& > r
N T N T N R
0= "3 UZu) = 30D W) = 0.56xp > Y [(Zie = Uie)? + 20:0(Us) [V (Zie — V)]
i=1 t=1 i=1 t=1 i=1 t=1

Note that 3N | zle( U2 =N S (V=AY FD)? = |[FA = FOAY |12, and SN, S 0.0(Usy) (Zin—
Uit) = Tr[0,1%(FOAY — FA’)'], where 0.1 is a T'x N matrix with elements 8.1(Uy;). So the above inequality
can be written as

| FA — FOAY |2 4 2/b% - Te[0.1 % (FOAY — FA")'] < 0. (31)

Since for any 7' x N matrices A, B
| Tr[AB']| < rank(AB')||AB’||s < (min{rank(A),rank(B)})||A|s||B|s,

we have

| Te[d.0 % (FOAY — FAY]| < (r+ k) - [|8.1]|s - | FOA® — FA/||s

because rank(FOAY — FA’) < rank(FOAY) 4 rank(FA’) < r 4+ k. First, it is easy to see that [|FOAY —
FA'||s < i+ E||[FOAY — FA||. Second, ||0.1||s < |81 — E[0.1]||s + |E[-1]]|s. Similar to Lemma D.6
of Fernandez-Val and Weidner (2015), we can show that

0.1 — E[0.1]]|s = Op(VNT - T~5/8) + Op(VNT - T7Y2N~Y8) 4 Op(VNT - T~Y/EN~Y/4),
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Moreover, ||E[0.]]||s < VNT -maxi<;<7 |E[0.1(Ui)]], and it follows from standard proof for kernel density
estimators that max; <;<7 [E[0:1(Ust)]| = O(c% ). Thus, from Assumption 4(v) we have 1/b%,-[|0:1|s =
op(VNT). Plugging all the above results into (29) gives

(NT) " H[EA — FOAY | + 0p(1) - (NT) Y2 FA' — FOAY | <0,

which implies
(NT)"V2|FA" = FOAY || = op(1). (32)

Finally, define M =1 — F(F'F)~YF', we have

|Mp(EA — FOAY)| < \/rank (Mp(EA — FOAY)) - [ Mplls - [[(FA — FOA”)|s.

Since rank(Mp) = T — k, rank(FA’ — FOAY) < r +k, |Mp|ls = 1 and ||(FA’ — FOAY)||s < [|(FA’ —
FOAY)], it follows that

FOM;FO  A0'AO
T N

(NT)~/2|| MpFOAY || = \/Tr [ —op(1).

Because N~'AY AY converges to a full rank matrix by Assumption 4, then

[
T

which implies
FYFO/T — (FO F/T)(F'F°)T) = op(1).

Consequently,

|Pp—Ppol|* = Te[Pa]+Tr[Ppo]—2 Te[ Py Ppo] = (k—r)+Tr [(FO'FO/T)—1 (FY FO)T—(F" F/T)(F'F° /T))},

which is equal to k — r 4+ op(1) since FO/FO/T converges to a positive definite matrix by Assumption 4.

The proof is then complete by setting k = r. |
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Figure 1: Histograms of [r(1—7)]"Y2-J (A (1)uo/T M1 (7) — HypA1(7)] and the density function
of N(0,1) for 7 =0.1.
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Figure 2: Histograms of [r(1—7)]"Y2-J(\ (1) AV T [ A1 (7) — HypAi(7)] and the density function
of N(0,1) for 7 = 0.25.
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Figure 3: Histograms of [r(1—7)]"Y2-J (A (1) 42/T[A1(7) — HypAi(7)] and the density function
of N(0,1) for 7 =0.5.
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Figure 4: Histograms of [7(1—7)]"Y2-J (A (1) 43/T A1 (7) — HypAi(7)] and the density function
of N(0,1) for 7 =0.75.



045 - - T T T - - 045 T T T T T T T
1=09 1=0.9
o4 T =100 1 o4r T =100 R
N =100 N =200
0351 — 0351 1
03f at 4 03 1
0.25 — 0251 1
0.2 — 0.2f 1
0.15F T
01r T
0.05F b
s 8
0.45 T T T T T T T 0.45 T T T T T T T
=09 =09
o4r T =100 R o4r T =100 R
N =500 N = 1000
0351 B 0351 1
0.3F B 0.3f 1
0.25F | 0.25F 1
02f 1 02f 1
0.15[ | 0.15F 1
01p B 01p 1
/
0.05F 4 0.05F H 1
"
s 8 -8 -6 -4 -2 0 8
0.45 T T T T T T T 0.45 T T T T T T T
1=0.9 1=0.9
oar T =200 1 oar T =200 1
N =100 N =200
0.35[ | 0.35[ 1
o3f i 1 oaf TR J
0.25- b 025 1
0.2 “ 1 02 “ 4
0151 ‘ 1 0151 1
01r | 01r 1
[ sememen] . 0 .0
-8 -6 -4 -2 0 6 8 -8 6 8
0.45 T T T T T T T 0.45 T T T T T T T
1=0.9 1=0.9
o4 T =200 R o4 T =200 1
N =500 N = 1000
0.35[ | 0.35[ 1
03f \ B 03f 1
0.25F — 0.25F 1
0.2 / B 0.2 1
0.15F ““ | 0.15F 1
01r | 01r 1
0.05F DI_WH/H 4 0.05F B
Il [
-8 -6 -4 -2 0 6 8 -8 8

Figure 5: Histograms of [7(1—7)]~Y2-J (A (1) 44/T A1 (7) — HypAi(7)] and the density function
of N(0,1) for 7 =0.9.



Figure 6: Common stock returns: estimated quantile factor loading processes for the constant
(left) and F} (right).
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Figure 7: Mutual fund returns: estimated quantile factor loading processes for the constant
(left) and F} (right).
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Figure 8: FF portfolios: estimated quantile factor loading processes for the constant (upper

left), Fy, (upper right), Fb; (lower right), and F3, (lower right),.
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Figure 9: R? of regressing Fpc on Fop (red) and regressing a constant factor on For (blue)
for 7 = 0.1,0.15,...,0.9. Upper left: simulated dataset from a location-shift model; upper

right: stock returns; lower left: mutual fund returns; lower right: FF portfolios.
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